C°-COERCIVENESS OF MOSER'S PROBLEM AND SMOOTHING 
AREA PRESERVING HOMEOMORPHISMS 
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Abstract. In this paper, we establish the C^-coerciveness of Moser's problem 
of mapping one smooth volume form to another in terms of the weak topology 
of measures associated to the volume forms. The proof relies on our analysis of 
Dacorogna-Moser's solution to Moser's problem of mapping one volume form 
to the other with the same total mass. As an application, we give a proof 
of smoothing result of area preserving homeomorphisms and its parametric 
version in two dimension, (or more generally in any dimension in which the 
smoothing theorem of homeomorphisms is possible, e.g., in dimension 3 but 
not necessarily in dimension 4). This in turn results in coincidence of the area- 
preserving homeomorphism group and the symplectic homeomorphism group 
in two dimension. 
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1. Introduction and the main theorems 

Consider a symplectic manifold {X,lo) and denote by Diff{X) the group of 
smooth diffeomorphisms of X. EUashberg's celebrated C° rigidity theorem [E], [Gl| 
in symplectic geometry states that the subgroup Symp{X, u) of Diff{X) consisting 
of symplectic diffeomorphisms, i.e., those rj satisfying ri*uj — lo is C'^ closed in 
Diff{X). More precisely, we equip the group Homeo{X) of homeomorphisms 
with the metric defined as 

d(h, k) = ma3i{d{h{x),k{x)) + d{h-^{x),k-^{x))) 

where d is a distance of any given Riemannian metric. With this metric, Homeo{X) 
becomes a topological group which is a complete metric space. We consider the 
induced topology on Diff{X) C Homeo{X). Eliashberg's rigidity theorem then 
can be phrased as Symp{X,uj) is a closed topological subgroup of Diff{X) with 
respect to this induced topology. Motivated by this rigidity theorem, we defined 

Sympeo{X,uj) := Syrap{X,uj) 

where Symp{X,uj) is the closure of Symp{X,uj) in Homeo{X), and called this 
group the group of symplectic homeomorphisms |OMj . With this definition, the 
rigidity theorem can be succinctly written as 

Sy'mpeo{X,uj) f] Dif f{X) — SyrtipiX^uj). 

Then in the same paper |OMj . we introduced the notion of Hamiltonian homeo- 
morphisms and denote the set thereof by Hameo{X,uj). This is the C° counter- 
part of the group Ham{X, lu) of Hamiltonian diffeomorphisms. We also proved 
that Hameo{X,uj) forms a path-connected normal subgroup of Sympeoo{X,uj), 
and conjectured that Hameo{X,uj) is a proper subgroup of Sympeoo{X,Lu). We 
refer readers to [OMj for further discussions on the structure of the Hamiltonian 
homeomorphism group. 

In two dimensional compact surface (S, fl) with an area form f2, we denote by 
Homeo^{Y.) the group of f2-area preserving homeomorphisms on E. It easily follows 
from the definition that Sympeo{T,,il.) is the subgroup of Homeo^iYi) that con- 
sists of area preserving homeomorphisms approximable by area preserving (smooth) 
diffeomorphisms . 

The main motivation of the present paper is to prove the following result con- 
jectured in |0M| . 

Theorem I. For a two dimensional surface {Y,^lo), we also write uj ^ Q as an area 
form. Then we have 

Sympeo{Y,,uj) = Homeo^CS), SympeoQ{Ti,Lu) = Homeo^iT,). 

Here we denote by Go the identity component of any topological group G. 

Theorem I and normality of Hameo{D^,dD^) in Sympeo{D^,dD^) and path- 
connectedness of Hameo{S^ ,n) proven in ^OMj are the bases on the conjecture 
on the structure of Homeo^{D'^ , dD^) made in |0M| . |0F| . which reads that 
Homeo^{D'^ , dD^) is not a simple group. 

In more concrete terms, this theorem can be rephrased as the following smoothing 
result of area preserving homeomorphisms which is one belonging solely to the realm 
of area preserving dynamical system. This smoothing result seems to have been a 
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folklore among the experts in the area but we could not locate any proper reference 
containing its proof in the literature. 

Theorem I'. Let "E be a compact surface without boundary and fl be an area form. 
Denote by the Borel measure induced by the integration offl. Then, 

(1) any area preserving homeomorphism h can be C° approximated by an area 
preserving diffeomorphism 

(2) any isotopy h — {/it}o<t<i with hg = id of area preserving homeomorphisms 
can be C'^ approximated by a smooth isotopy of area preserving diffeomor- 
phisms. 

As our proof will show, Theorem I' holds for any Borel measure induced by a 
volume form (or by a volume density if not orientable) on general compact man- 
ifolds in general dimension, as long as approximation of any homeomorphism on 
a manifold X by a diffeomorphism is possible, for example in dimension 2 and 3 
[Mu2j but possibly not in dimension 4 [D]. It seems to be an interesting open 
question to ask whether the measure preserving property helps one to approximate 
a homeomorphism by a diffeomorphism and so to prove Theorem I' in complete 
generality in high dimensions. 

To highlight the main point of the present paper, we outline our proof of (1) here. 
Denote by M[E, il] — Homeo^{T,) the topological group of measure preserving 
homeomorphisms on equipped with the topology induced by the metric d 

defined above. We call this topology the C° topology of Homeo^iT,). We will also 
denote by d(jo the usual metric given by 

dc°{h, k) — maxrf(ft,(a:;), k{x)). 

Let h € Af[S,ri] and e > be given. By the well-known smoothing theorem 
(see the proof of Theorem 6.3 [Mu2| . for example) for dimX = 2, we can choose a 
diffeomorphism ipi such that 

d>,Vi)<|. (1.1) 

This diffeomorphism tpi however may not necessarily be area preserving. We there- 
fore modify "01 into an area preserving diffeomorphism by a small perturbation. 

Here we would like to emphasize that the two forms ipl^l and Q are not neces- 
sarily close. More precisely, we have 

^fn, / > 

where / — det dipi with dipi being the derivative of ipi . Since we do not have any 
control on dipi in the convergence, the modulus | / — 1| is not necessarily small. 
We denote 

\g\ = max Iff (x) I 

for a function g in general. However it is not difficult to see that (jl.ip also implies 
that the measures associated to fl and Tp^n can be made arbitrarily close in the 
weak topology of measures if one chooses e sufficiently small. (See Proposition [^11]) 
It is well-known that the set Ai{X) of finite measures on a compact metric space 
X is a metric space such that the subset M."^{X) of measures whose total mass 
is less than equal to m S R+ is compact. (See |G2| for example.) We denote by 
dM a corresponding metric on A4{X). Now we will derive the proof of Theorem I' 
from the following theorem concerning coerciveness of the C" distance with respect 
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to the weak topology of measures. This theorem holds in arbitrary dimension. We 
assume X is orientable for the simplicity. Non-orientable case will be the same if 
we replace the volume form by the density. We denote by fig- the measure induced 
by the volume form a in general. 

The main result of the present paper is then the following C°-coerciveness of 
such diffeomorphisms Tp2 in terms of the distance dMif-iPl^ij t^n) or in terms of the 
weak topology of measures. 

Theorem II. Let a and r be two volume forms a — fr on X with f satisfying 
/ > 0. Let X > be the constant 




Then there exists a diffeomorphism ^j;2 ■ X X such that 
Furthermore, we have 

d{ip2,'id)^0 as dMif-a, f-r) ^ 0- (1-2) 

Moreover its parametric version also holds : For any isotopy of forms t G [0, 1] ^ 
ftT where t i— > fJ-(f^T) defines a continuous path in A4{X), there exists an isotopy 
t G [0, 1] — > ip2,t of diffeomorphisms satisfying ip2 jcr — XtT that is continuous in the 
compact open topology. 

In fact, our proof of the parameterized version of Theorem II provides canonical 
local slices of the action of Homeo{X) on M{X) 

: U^,, n M{X-, VL) ^ Homeo{X) 

around = /igo with g continuous, where U^^ C M-[X) is an open neighborhood 
of in A^(X), and AA{X\^) is the space of measures that are absolutely continuous 
with respect to We will elaborate this generalization elsewhere. 
Once we have Theorem II, we apply the theorem to the forms 

a — T — (■(/'f "'^)*ri, with A = 1 
and construct 7/^2 such that 

{i>2Y^ = (^r')*f^ and d{^2M) < ^ 

by letting dMifJ-Q, IJ-^^-'^yo) as small as we want. The last can be achieved if we 
choose ipi sufficiently C'^ close to the area preserving homeomorphism h. Then we 
prove that the composition (j) :— ip2 o ijji : X ^ X is an area preserving diffeomor- 
phism with the estimate 

d{(f>, id) < e 

for any given e > 0. A simple examination of the proof will also give rise to the 
proof of its parametric version. This will then finish the proof of Theorem II and 
so Theorem I'. 

Theorem II without U.2\) is a result proven by Moser [Mo . And the (7*^+1^" 
estimate forfc>0,0<Q;<l that is the Holder analog to (|1.2p was also proven by 
Dacorogna and Moser [DMj . The main point of Theorem II is the C°-coerciveness 
with respect to the weak topology of measures which is a crucial ingredient in 
our proof of the smoothing theorem. Theorem l'. We prove this coerciveness by 
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analyzing the C"-behavior of Dacorogna-Moser's solution on the cube obtained by 
their 'elementary approach' with respect to the weak topology of measures. 

For this purpose, we first have to turn Dacorogna and Moser's original one- 
dimensional scheme into an n- dimensional scheme which optimally reflects its n- 
dimensional measure theoretic behavior, and to use sufficiently small cubes whose 
size depends only on the given reference volume form on X. (See section [3l es- 
pecially Remark 13. H and the proof of Proposition 16.11 ) Furthermore we like to 
mention that, interestingly enough, open mapping theorem plays an essential role 
in our derivation of C°-coercive estimates of Dacorogna-Moser's solution with re- 
spect to the weak topology of measures. (See section [5j) 

Now we mention some related results in the literature. In their seminal paper, 
among other things, Oxtoby and Ulam [0U| proved an approximation of measure 
preserving homeomorphisms by almost everywhere differentiable measure preserv- 
ing homeomorphisms. Our proof relies on a smoothing result of general homeo- 
morphisms for n — 2. This result can be extracted from |Mulj . |Mu2| and the 
references therein, for example. We refer readers to the proof of Theorem 6.3 |Mu2| 
in particular. The result Theorem I' itself seems to have been a folklore among the 
experts. However we have not been able to locate a proper reference containing 
its proof (or its statement) in the literature. The main theorem, Theorem II, has 
its own separate interest in its possible relation to the study of generalized flows 
of incompressible perfect fluids and to the problem of optimal transport (See jBrj , 
[Sh| . [Vi] for example.) 

Organization of the contents is in order. Section [2] summarizes the basic facts on 
the weak topology of measures relevant to the proofs of Theorem l' and II. Section 
12] recalls and enhances Moser's reduction procedure [Mo] of the problem to one on 
the cube establishing continuity of the procedure in the weak topology of measures. 
Section [4] reviews Dacorogna-Moser's elementary approach closely and provides a 
reformulation of their scheme so that we can analyze its dependence on the weak 
topology of measures. After then, section [5]l7| contain the proof of Theorem II. The 
proof of Theorem I' will be finished in section [51 Finally in section [51 we prove the 
key a priori estimates for the study of C°-coercive estimates of Dacorogona- Moser's 
solution. This last section contains the most technical estimates of the paper, whose 
validity, however, is motivated by Taylor's remainder theorem. 

We like to thank A. Fathi, J. Franks and J. Mather for a useful communication 
during our preparation of the paper [0M| . In reply to our question, they convinced 
us that the smoothing result stated in Theorem I' should hold. We also greatly 
thank the unknown referee for pointing out some serious flaw in the previous version 
of the paper. 



Notations. 

(1) Q = Q" = [0, 1]", the unit cube in 

(2) Q"iK) = [0, i^j", the cube with its size length K >0 

(3) For a positive number rj with < 77 < 1, we denote 

Q"(l + ,y) = {xeW \-ij<Xj < I + T], j = !,■■■ ,n} 
Q"(l-77) = {xeW'\r^<x, <1-T^,j = l,--- ,n} 

(4) For a vector a £ Q" and b G [—rj, 77]", we denote 

2;";/ = {x^^^,aj,Xj) for j = 1, • ■ • ,n 
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where we denote Xj := {x^~^^ , • ■ • , x"). 

(5) : see 

(6) : see 623). 

(7) Ku^,k --seem- 

(8) Oa;,,fe : see (|92|. 

(9) Ci(Q",R") : see Definition O 

2. Weak topology of M{X) 

In this section, we briefly review the weak topology of the space of finite measures 
on a compact metric space X following the exposition from section 3^.9 |G2j . 

Definition 2.1 (Weak topology). A sequence of finite measures fii is said to 
converge to /i if — for every bounded, nonnegative, continuous function 

/ on X, where fi{f ) stands for J-^ fdfx. We denote by M{X) the set of finite 
measures equipped with this topology. 

It turns out the weak topology is induced by a metric. One such metric can be 
defined by 

Udbi^l,^i') :=sup|/i(/)-M'(/)l (2.1) 

/ 

for 6 > 0, where / runs over all 1-Lipschitz functions / : X — > [0,6]. These define 
true metrics on M.{X) and they are mutually bi-Lipschitz equivalent. The metrics 
are also complete and if X is compact, then the subset of ^A{X) 

M-^^{lieM{X) |M(X)<m} 

is compact for each fixed m e M+. We denote 

dM = Lidi . 

There is a natural map 

Homeo{X) x M^X) ^ M{X); {h, fi) ^ K/x (2.2) 

which is continuous (see Proposition 1.5, ■Fil for example). 

Next we consider the Borel measures induced by volume forms. Let J7 be a 
volume form on a compact manifold X satisfying := J^fl< oo, and denote by 
HQ the measure induced by integrating the form Denoting by n^{X) the space 
of volume forms, there is a natural action of Diff{X) 

Diff{X) X f7"(X) -> f7"(X); (V-, VI) ^ ■iP*n (2.3) 

which is continuous in C°° topology. It also induces a map 

Dtffix) X n'\x) ^ M{x); {,p,n) ^ Mm) - ^^^^'n)■ 

The following proposition will play an essential role in our proof. 

Proposition 2.1. Let -0 G Diff{X) and h G Homeo^{X) and ^ h in 
topology. Then we have 

m in M{X). 

The convergence is uniform over any given compact family of hs. 
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Proof. It follows that /i(^-«o) = Since ip ^ h in C'^, continuity of (|2.2p 

implies 

in A1(X). On the other hand we have h^.{^Q) — ji^ by the hypothesis h £ 
Homeo^{X). This finishes the proof of the first statement. The second statement 
is an immediate consequence of the compactness assumption of the family. □ 

Now denote 

C"(X,M+) = {/eC°(X,R) I / >0} 
and consider a volume form 51. U, induces a natural embedding 

in ■■ C°{X,R+)^ M{X) 

defined by 

i-nif) ■■= M(/o)- 
This is a Lipschitz map which satisfies 

rfA<(M(/0),Ai(/'0))<|f^|-|/-/'l- (2.4) 

3. Reduction of Theorem II to the cube 

In this section, we reduce the proof of Theorem II to the case of the cube 
Q = [0, 1]" C K. This reduction will be based on a refinement of Lemma 1 [Moj . 
Proposition 13.11 below. The main refinements lie in the statements (1) and (3) 
thereof. 

Let {Uq, ■ ■ ■ , Urn } be an open covering of X each element of which can be mapped 
one to one onto the unit cube Q — (0, 1)". 



Proposition 3.1 (Compare with Lemma 1 }Mo| ) . Let X be a compact manifold 
without boundary and let 17 and ffl be a volume form and f a positive function 
satisfying J = J ffl. Then there exists decomposition of g = f — 1 



9 = Y.9j 

3=0 



where gj has support in Uj, and satisfies the following properties : 

(1) For all k — 0, ■ ■ ■ , m, we have 

k 

fk■.= l + Y.g^>0 (3.1) 

2 = 

and in particular fk^ defines a natural measure fJ'(f^n) by integrating the 
form fk^. 

(2) For allk^O,--- ,m, 

J gfcfl = or equivalently J fl — J fk^. (3.2) 

(3) We have 

c^A<(Ai(/fca),/^(/o)) < Ci (3.3) 
where Ci = Ci{dM{lJ-n, fJ-ifn)) a constant depending on c?Ai(Aio, /i(/n)) 
and the covering only and satisfying Ci as dMipn, lJ-{fn)) ^ 0. 

(4) Ifge so is g.j G C•^ fc > 0. 
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Proof. Following the proof of Lemma 1 |Moj , we choose a partition of unity (f)j > 
subordinate to the covering Uq,--- ,Um- We order the elements Uj so that for 
every k = 1, ■ ■ ■ ,m the patch Uk intersects Uj^kUj. We denote by p{k) any integer 
with p{k) < k such that Uk H Up(^k) ^- Then define the matrix a ~ (ajk) with 
< J < m and 1 < fc < m by 

for i ~ k 

] otherwise. 

This matrix satisfies X^JLo '-'^i^ ~ ^■ 

We now fix functions rjk, k = 1, • ■ ■ ,m such that 

Vk^ = 1. (3.4) 

We can choose them so that 

\rik\<C2 

where C2 depends only on the covering and f2. We will represent gj in the form 



Vk- 



k=l 



Then Moser [Mo| showed that gj is add up to g and has support in Uj. To prove 
(|3.2p . we consider the linear equation 

VAfca.fc = / (/-l)0,rJ (3.5) 



fe=i 



for j = 0, • • ■ , m, which has m unknowns and m + 1 equations. However, on account 
of (|3.4p and the equation 



(/-i)r! = V / (/- 1)0,0 = 



the first equation (j = 0) of p.Sp is redundant. Therefore the solution space of 
(13. 5p is a nonempty afhne subspace of M™ . So far our proof has been a duplication 
of Moser's jMoj . 

The new statements in this proposition that were not considered in [Moj or |DMj 
are p.ip and (|3.3p . To establish these statements, we need to analyze the solution 
space of p.5p more closely than jMo| or [DM] do in terms of the weak topology of 
measures. First we note that we have 

i / ra \ 

/j = 1 + X! ( '^^'(•^ ^ 1) ^ X! ^ka^kflk 1 • 

i=0 \ k=l I 



We set /-I = 1 and note /„ = /. Thanks to ((2^ . to prove ([31]) and jSJI), it will 
be enough to make the norms |Afc| all sufficiently small. To be more precise, we 
rewrite p.5p into 

fc=i -^^ 
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for j — 0, ■ ■ ■ , m. Recalling the definition of cIm = Lidi, note that the right hand 
side is bounded by 



4>jdn(fQ)- / 4>jdfin < dMi^J■{fQ), m) 
X Jx 

since is a function satisfying < (pj < 1- We like to alert the readers that 
the distance in the right side of this inequality is in terms of the weak topology of 
measure. 

A simple linear algebra then concludes that there exist solutions Afc of (|3.5p such 
that 

|Afc|<C3, fc = l,---,m (3.6) 

where C3 = C^{dM{lJ-(fQ.), m)) is a constant depending only on dM{l^(fn),m) 
such that C3 ^ as rfx(/i(/n), /xq) : Note that the solution space of p.Sp is a 
nonempty affine subspace of , whose distance from the origin converges to zero 
as (i>i(/X(jn)j Mn) ~^ 0- To obtain such a solution (Ai, • ■ • , Am) satisfying p.6p . one 
may take the point nearest to the origin among the points in the affine space. 
Now to prove (|3.ip , we consider the convex combinations of / and 1 



for J = 0, • • • ,771 and denote 

77io — minjmin /' \ j — Q, ■ ■ ■ , 777} 

i 

Afo — maxjmax/' \ j ~ Q, - ■ ■ , 777} 

J 

Note that ttiq, Mq depends only on / and satisfies 

7770 1^ minjmin/, 1}, Mq < maxjmax/, 1} (3.7) 

Recalling that C3 — > as <iAi(Ai(/n), Mi^) ~^ 0: can choose dMilJ'/n, fJ-n) so 
small that we have 

^ minjmin/, 1} 

^ 777(m + 1)C2 

Then we derive 

E"* ,, , „ „ minjminf, 1) 
Afc 7,fc < 777C2C3 < — ^ , ^ 3.8 
777+1 

k—1 

from p.6p . Therefore we have 

j m j m 

m 

> fj - (m + l)^\Xk\\Vk\ > fj - min{min /, 1} 

k=l 

> Mo - min{min /, 1} > 
which proves p.ip . 

Finally we consider dx(M(/fcn)7M(/si)) for the proof of (|3.3p . Since is a convex 
combination of / and 1, we have 

dM(p{f'^n),f^(fn)) < dM(pn,f\fn)) (3.9) 
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for any fc = 1, • • • , m. We have 

rfAi(/^(/(n),M(/,n)) < \^\ ■ \ fk' fk\ 

from and 

m m 

l/fc - fk\ = I - l^*^! ■ l^*^!- 

fc=i fc=i 

On the other hand, we can make inax(^^-^ |Afe||77fc|) as small as we want by choos- 
ing Afc small which in turn can be achieved by p.6|) if we make ^ai i A^n) 
sufficiently small. This implies that we can also make dM{fJ■fj,n,^J■fkn) as small as 
we want if we make dM{tJ'{fn), fJ-n) sufficiently small. We note the triangle inequal- 
ity 

'^A^(M(/fcf2),M(/o)) < rfA4(M(/fcf2),M(/(,n)) + dM{^J■{f'^n),^J'{fn))■ 
^he last statement of the proposition is obvious from the construction of ffj's. This 
finishes the proof. □ 



With Proposition 13 . II in our hand, Theorem II will be derived from the following 
proposition. Except the coerciveness i3.12\) . this is precisely Lemma 2 (Moj or 
Proposition 8 jPMj . However our diffeomorphism may not necessarily the same as 
the one constructed in [DMj . In fact, our construction will provide continuous local 
slices under the action 

Homeo{X) x M{X) M{X) 

over a certain dense subset of M{X). We will elaborate this generalization else- 
where. 

Theorem 3.2. Let Q he the square [0, 1]". Consider two volume forms 

T — f{x)dx, a — g{x)dx 

where g, f are positive continuous functions for which g — f has support in Int Q. 
Denote by mf, rUg the associated measures. If 



fdx^ / gdx (3.10) 

Jq 

then there exists a diffeomorphisms : Q ~> Q such that 

g{ij{x))detV^{x)^f{x) (3.11) 

such that iIj{x) = x near the boundary of Q. Furthermore ip satisfies the following 
additional properties : 

(1) We can make d{'ip,id) as small as we want by letting dM{mf ^rUg) —>■ 0, or 

d{ip,id)^0 as dMijrif iiT^g) ^ ^- (3-12) 

And the parametric version in the sense as stated in Theorem II also holds. 

(2) Let supp(V') = {x £ Q \ ip{x) ^ a;}. Let i?" C (0,1)" be any closed cube 
such that 

i?" C supp(/ - g). (3.13) 

Then we have 

supp(V^2) C i?" (3.14) 



C^-COERCIVENESS OF MOSER'S PROBLEM 



11 



Remark 3.1. (1) Obviously, we can further decompose the cube [0, 1]" or use 
cubes of the smaller size in Proposition 13.11 and get the same kind of state- 
ment for the smaller cubes. Later in our estimates, we will need to choose 
a cube Q"{K) of its side length K > such that K is sufficiently small and 
depends essentially on the given fixed g. In fact, we can choose K of the 
form K = 2-^° with 

2-No < 1 



8C4(1 + Lg) 

where C4 = max{8maxg,4} and Lg is the modulus of continuity of g. 
See the paragraph around (|6.15p for more discussion on this. However to 
make our exposition better comparable to that of [DM] , we will carry our 
discussion on the unit cube and just indicate the needed changes in the 
paragraph around (j6.15p . 

(2) We also note that the above reduction procedure to the cube shows that 
the distance (i^(m/, rUg) for the measures mf, nig on Q"'{K) converges to 
zero uniformly as dMifJ-r, fJ-a) ^ for the originally given measures /x,-, fj,^ 
on X. 

(3) The inequality (|3.7p shows that the above reduction procedure essentially 
does not decrease the lower bound min g and not increase the upper bound 
max(? on the cube from that of the originally given g on X. We would like 
to warn the readers that f in the proof of Proposition \3.1\ plays the role of 
g in Theorem \3.2\ and henceforth. 

The next three sections will be occupied by the proof of statement (1) of this 



theorem. 



4. Scheme of construction on the cube 



In this section, we first recall Moser's or Dacorogna and Moser's 'elementary ap- 
proach' from [Mo| . [DMj to solving (|3.1ip . After then we reformulate their scheme 
into an n-dimensional scheme so that we can study its relevance to the weak topol- 
ogy of n-dimensional measures. Their inductive one-dimensional approach as it 
is does not manifest the relationship of their solutions with the weak topology of 
measures. We also briefly mention the parametric version of Dacorogna-Moser's 
approach which is used in the proof of SyrnpeooCEijUj) — HomeoQ{J^) in Theorem 
I. 

We denote Q = Q" = [0, 1]" and by the s dimensional cube for 1 < s < n. 

4.1. Review of Dacorogna and Moser's elementary approach. According 
to Dacorogna and Moser [DMj . under the assumption as in Theorem 3.2 on / and 
g, the map -tjj : Q Q is constructed as the successive composition 

by defining gn = g and for s = 2, 3, • • • ,n and requiring 

gs-i{x)dx= / gs{x)dx (4.1) 
E JvAE) 

for every open set E C Q" and 

gi{xi,x')dxi ^ / f{xi,x')dxi. (4.2) 
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And ifi : Q Q will then have the form 

(fix : {xi,X2,-- ■ , Xn) {v{x),X2, ' ■ ' , X„) 

where v : Q Q is uniquely determined by the requirement 

/ f{xi,x')dxi^ / gi{xi,x')dxi (4.3) 

■/o Jo 

for every x' = {x2, ■ ■ ■ ,a:^ri) G Q"""^. Since gi > (|4.3p uniquely determines u(a::) 
with w monotone in a:i, v ~ Q for xi = and v = xi for near Finally 
g3) makes w(l,2;') 1 for aU x' e Q"-i. It follows that € , k > 1, gj]) is 
equivalent to 

gs-i{x) = gs(ifs{x))detVips{.x). (4.4) 

Then they construct ■ ■ ■ ,^2 (and Qn-i, ■ ■ ■ inductively in such a way 
that 

/ gs{x',x')dx' = I f{x\x')dx' (4.5) 

where = (xi, • • • ,Xs) and x' — {xg+i, ■ ■ ■ ,x„). Assuming that (p„, • • • ,ips+i are 
already constructed so that (|4.ip and (|4.5p hold and that they agree with the iden- 
tity near the boundary, the map tps : Q Q is constructed as the homeomorphism 
of the form 

ifsixi,- ■■ ,x„) ^ {x''^'^,v{x),x') = {xi,- ■ ■ ,Xs-l,v{x),Xs+l,- ' ' , x„) (4.6) 

with 

vix) ^Xs+Cix'~^)u{xs,x'). (4.7) 
Here C is a cut-off function with supp ^ C Int Q*^^ and satisfying 

'O < C < 1 + e in Q''-^ 

jQ^_,ax'-^)dx^-'^l (4.8) 

[!Qs-^\ax'~')-l\dx^-' <S 

where e — e{gs, f) > is chosen so that 

e max < min gs, — min/. (4-9) 

And u : [0, 1] — > [0, 1] is a smooth function with 

u = near {0, 1}. 

Note that in this construction the variable x' enters only as a parameter and does 
not play any role in finding i^^. Therefore we drop x' in our discussion below 
writing u{xs) = u{xs', x') as in [DMj . We refer readers to (4) and (5) [DMJ for more 
details. It follows that fs is C° close to identity if and only if the one variable 
function u : [0, 1] — > [0, 1] is C" close to the zero function. Furthermore it becomes 
a differentiable homeomorphism if and only if u is differentiable and satisfies 

|^ = l-fC(^-i)|^>0. (4.10) 

To solve (|4.5p . Dacorogna and Moser transformed it into the functional equation 

G{xs,u{xs))=F{xs) (4.11) 
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where 



G(a,6) = / g,ix')dx' 
F{a) = [ f{x')dx' 



with 

Ql = {x' &Q'\Q<Xs< a) (4.12) 
Kb = {x' <=:,Q' \Q <Xs <a + C{x'-^)b} 

where h G [—'Hi'n] ■ They obtained this equation by first setting u{Q,x') — and 
then integrating the equation (|4.5p for (s — 1) in place of s, i.e., 

{gs-i{x'-\xs,s')- f{x''\xs,x'))dx'~' ^0 (4.13) 

L 

over < Xs < a, which gives rise to 

{gs^iix^^x') - f{x\x'))dx'' = 0. 



But this is then equivalent to (|4.1ip . 

We note that G (resp. F) is differentiable, if g (resp. /) is continuous. In fact, 
we have the explicit formulae 

^ = J^^ ^a^'-')gs{x^-\a + ax^-')b)dx^-' (4.14) 

= J^^ ^gs{x^~\a + ax^~')b)dx-^~' (4.15) 

^ = / f{x^~\a)dx^-\ (4.16) 
da Jq,-i 

Note that u(0) = is the unique solution of (|4.1ip at Xg = 0. At this point, they 
derived existence and uniqueness of the solution to (j4.1ip by the intermediate value 
theorem. We denote by w = vdm and u = udm for this unique solution and call 
them Darcorogna-Moser's solution, or simply as DM-solutions. 

Remark 4.1. To obtain the C° convergence statement (I3.12p in Theorem 13.21 we 
need to control the distance (i(V'2: id) in the above existence proof of -02- This 

estimate is precisely the one left untreated by Dacorogna and Moser in [DMj . 
However, following Moser's deformation method [Moj and the use of elliptic second 
order partial differential equation, they proved an existence of a diffeomorphism il}2 
satisfying an a priori estimate when /, g G (jk,a ^/jg„ A; > 1 and a > 

[DMj. This elliptic approach using the deformation method does not produce the 

convergence required in 

In fact by differentiating (|4.1ip . one obtains 

dG dGdu_ dF_ 
da db dxs da ' 

From this, Dacorogna-Moser [DM] derives that the solution u is differentiable. In 
fact, the standard boot-strap argument, using (|4.17p and the fact that the function 
^ is positive from (|4.14p proves the following a priori C''^'" estimate for /c > and 
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< a < 1 for the DM-solution itself. This demonstrates that the DM-solution is 
as good as the one obtained by the deformation approach used in [Mo| , [DM] even 
for the higher regularity. 

One main theorem we prove in the current paper is that DM-solutions will also 
satisfy the additional C°-coerciveness property under the distance (i^(mg,m/) of 
the weak topology of measures. 

For the purpose of our later study of the parametric version of Theorem 13.21 we 
summarize the above discussion on the higher regularity into the following propo- 
sition 

Proposition 4.1. Let g be a given positive C'^'" function. Suppose that the func- 
tions f is also C^'°^ and denote by | • • • |fc,Q the C*^'" norm of functions. Let u be a 
DM-solution. Then we have 

\u\k+l,a < C(k;g)\f - g\k,a (4.18) 

for all fc > 0, where C(^k;g) a constant depending only on k and norm of g. 

Remark 4.2. We would like to emphasize that we cannot expect that the derivative 
of the solution u converges to as (i;\4(m/,TOg) — * 0. In fact in the above proof, 
we do not have any control of |Vu| in terms of d^(m/, mg). 

4.2. Coercive reformulation. At the end of the day, one can write Dacorogna- 
Moser's solution in the form ip = ipnO ipn-i o ■ ■ ■oip20ipi. In coordinate expression 
ip — {vi,V2, ■ ■ ■ , Vn) '.= V, Vj has the following form : 



vi{x) = Xi -\- Ui{xi,Xi) 

V2{x) = X2 -\- C2{V^{X))U2{X2,X2) 



Vn-lix) = a;„„i + Cn-l(w" ^{x))u„-i{Xn-l,Xn) 

Vn{x) = Xn+Cn{v"^^{x))Un{Xn)- (4.19) 

Here we denote Xi = (x^+i, • ■ • , Xn) and = (ui, • • • , Vj) for j — 1, ■ ■ ■ ,n. We 
would like to emphasize that the argument inside Q is v^~^{x), not x^~^. 

We will now examine the C°-behavior of DM-solutions tp above in terms of the 
weak topology of measures. 

We recall that supp(/ — g) C Int Q and so we can choose 7y > so that 

supp(/ ~g)c{xeQ\ d{x, dQ) > 77} = Q"(l - 7?). (4.20) 

This choice of 77 depends only on supp(/ — 17), independent of individual / or g. 
The choice of rj will be fixed for the rest of the paper. Without loss of generality, 
we also assume that /, g are indeed defined on the bigger cube (5"(1 + rf) where 

Q"(l + 77) = {a; e K" I -77 < < 1 + ?7, j = 1, • • • ,n}. 

We now fix a family of cut-off functions C, — {Cs}s=2 with 



CsiQ'^'^M withsuppGcQ^-i(l-f) 



(4.21) 
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for s — 2, - ■ ■ , n such that 

'0<G<l + £o in Q" 

jQ,_,i:s{x'-^)dx'-^ = 1 (4.22) 

as m (|4.8p where eg = £o(C) > is a constant, which satisfies 

//•N ^ • /niin{min/,ming} min/1 

eo C < mm <^ , \ . 4.23) 

1^ max g 2 max g J 

T/iis constant eo(C) can &e made as small as we want independently of the given 
g, f. (See Remark [O] (2) and (3).) For example, we can always choose 

eoiO <dM{mg,mf). (4.24) 

Motivated by the expression given in (|4.19p . we introduce the following definition 
which will be essential for our discussion following afterwards. 

Definition 4.3. We call a map u : Q" M" triangular if its components Uj have 
the following triangular form : 

Ml = Ui{xi,- ■ ■ ,Xn) 
U2 = "2(2:^2, ■ • • ,Xn) 



— {Xji ) . 

We denote by C°.j(Q",M") the set of triangular maps. We define 

B c C°„(Q",R") 
the set of triangular maps satisfying u(l,---,l) = 0. 

Obviously i? is a closed subspace of the Banach space C"((5",]R") and hence 
itself a Banach space with the C°-norm 

\u\ = |u|co = max \uj\ 

l<j<n 

for the vector map u = {ui, ■ • ■ , u„). Furthermore it follows from this triangularity 
of u that the Jacobian Vu of u forms an upper triangular matrix. 
Now the DM-solutions v — vd m ■ Q" Q" have the following form 

w(xi, • • • ,X„) = (Wi, • • • • ■ • ,Vn) (4.25) 

where vj : Q ^ [0, 1] is a function of the type 

= Vj{xj,Xj) = Xj + Cj{v^^'^{x))uj{xj,x'), j^2,---,n (4.26) 
i;i(a;) = vi{xi, ■ ■ ■ Xn) = xi + ui{xi, ■ ■ ■ , Xn) (4.27) 
with Xj = (2;j+i, • ■ ■ ,Xn)- In other words, we can factorize ^'2 into 

■02 = O ^71-1 O ■■ - Oipi 

where each ipj is a smooth map of the form given in (|4.6p depending on u. 
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Then the diffeomorphism v satisfies g{v{x)) det yv{x) — f{x) and its weak form 

9iy)dy^ I f{x)dx (4.28) 

v(E) JE 

for any measurable subset E. We define 

Ql.j = {a; e 0" I < < 1 for 1 < i < j - 1, 

0<x.,< ai, j <i<n} (4.29) 

Ku;, = v{Ql^) (4.30) 
for j = !,■■■ ,n. 

Knowing that the DM-solution u = -02 is a homeomorphism (in fact a smooth 
diffeomorphism when g, f are smooth), R^u j is a closed measurable subset and so 
we can define the integrals 



G,{a;u) = / g{y)dy (4.31) 



Fj{a) ^ / fix)dx (4.32) 

and consider the vector functions 

G = (Gi, • • • , Gn), F = {Fi, • • • , Fn) 
where we denote G :— G{-;u). Then the weak form (14. lip of the equation 

g{v{x)) det\i'v{x) = f{x) 

can be reduced to ()4.33|) 

G(a;u) = F(a), a G Q". (4.33) 

In particular, DM-solution satisfies (|4.33p . 

The converse also holds for differentiable maps. 

Lemma 4.2. If u is a solution of ^.33^ that is differentiable, then it satisfies 

g{v{x)) det yv{x) = f{x). (4.34) 

Proof. Since u is differentiable, we can apply the change of variables and rewrite 
(|4:33| as 



g[il)2{x))yi}}2{x)dx = I f{x)dx 

for all j = 1, • • • ,71. The lemma then follows by taking the partial derivatives of 
these equations with respect to for each i = 1, • • • , n. □ 

Now we consider the subset Bhomeo C B defined by 

Bhomeo ~ {u £ B \ the associated map v in (|4.26p and (|4.27p is a homeomorphism}. 

Then for each element u S Bhomeo, the functions Gj are defined and so we can 
define a map 

*:5weo->G°(Q",R") (4.35) 
by ^ = (^'i, • • • , ^'n) whose components are given by 

^,iu)^Gji-,u)~Fj{-). 
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We remark that the equation (|4.33p is equivalent to ^'(u) = 0. 

The following proposition is the reason why we introduce the notion of triangular 
maps and the space B. 

Proposition 4.3. The map a i— > F{a) is triangular, and so is a G(a; u) when- 
ever u £ Bfiomeo- In particular, the map 5* maps Bhomeo to B. 

Proof. Recall the definitions of G and F in (|4.3ip and (I4.32p respectively. By the 
definition (|4.29p of (5".s, it does not depend on ai, • • ■ , as_i and hence neither does 
^au-s — ''^(Qa-s)- This immediately implies that both F and G{-;u) are triangular. 
This finishes the proof of triangularity of ^E*. 

We next check 5'(it)(l, • • • , 1) = 0. Since • • • , 1) = we have 

^{lu-n) ~ (rO;n) ~ ^ ' 

where 1 = (1, ■ • ■ ,1) and = (0, • ■ • ,0). Therefore we have 

- ,1)= / ady- I fdx 
which is assumed to be zero in p.lOp . This finishes the proof. □ 



5. Linearization 

Now we introduce the subset Bdiff C Bhomeo consisting of smooth maps u 
whose associated map u is a diffeomorphism. Then the restriction of ^' to Bdiff 
is continuously differentiable map to C°°((3", R") in the Frechet sense : Since 
diffeomorphism property of a map defined on compact sets is an open property, 
once we know that Bdiff is non-empty, it is an open subset of C°°((5",K") and 
hence we can define the Frechet derivative of 5" on Bdi / / . 

Denote by the zero function. We now compute the Frechet derivative of ^'s^i// 
at u = G Bdi f f which corresponds to v = id. 

Applying the Taylor expansion to ^ at m = 0, (|4.1ip can be rewritten as 

-d^{0)-u = ^{0)+N{u) (5.1) 
where d'^ is the Frechet derivative of 

*:Bd,//-.C°°(g",R") 

and 

N{u) = *(m) - *(0) - d*(0) • u 
is the 'higher order term'. It follows from the definitions of that we have 

= Gj{a-0)-F,{a) 

= I 9{v)dy - f f{x)dx. (5.2) 

Now the following provides an explicit formula for the Frechet derivative of the map 
d*(0) : C,^,(g",M") ^ C,^,(Q",M") 

at u = 0. 
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Proposition 5.1. Let X = (Xi, • ■ • ,X„) e Ct^,(Q",K"). Then 

In 'particular, the matrix elements 

(^^(O))^^ : C°°(Q"-^M) ^ C°°(Q"-^M) 
o/ </ie matrix operator 

are given by 

{{d'^(Q))jk{h)) {a) ^ I Cjkiaj,--- ,ak,Xk)h{xk)dxk (5.4) 

where Cjk{aj, ■ ■ ■ ,ak,Xk) are smooth functions of (aj, ■ ■ ■ ,ak,Xk) defined by 

( C„(a;"-i)5(a;"-\a„)dx"-i for k = n 

Cjk{aj,--- ,ak,,Xk) = < Jgk-i Ck{x^~^)g{x^~^ ,ak,Xk)dx^^^ for j < k < n - 1 
I for k < j 

(5.5) 

Proof. Recall v — (pn o ■ ■ ■ o ipi and 

ipj{xi, ■■ ■ ,Xn) ^ {Xl, ■ ■■ ,Xj + Cjix^~^)u{xj,Xj), ■ ■ ■ ,x„). (5.6) 
We also note that we can write 



gdy = v*{g dy) 

where 

v*{gdy) = (^J o ■ • • o (fligdy). 

Therefore to compute d'i'{0) ■ X, we need to first compute the variation 6Lpj{X). 
But it is easy to see from definition (|5.6p of ipj 



d_ 

'dxj 



Scp,{X) - (QX,)— (5.7) 



and so 



(d*(0) •X),(a) = ^ / Cs^^^x){9dx) = ^ / diSM^mg dx)). 
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On the other hand from the definition of Q^.j , the triangularity of X and (|5.7p , the 
latter identity becomes 



n ^ 

(d^iO) ■ X),{a) = d{Sn{X)\{gdx)) 

= E/„ -^^{9CkXk)dxkdxl 



E / 9{xl7^')Ux''-')Xu{au,xu)dxl-' 

J Q „ . ^ -J O. ; 



Here we define the {n — l)-vectors 

<~k^ = ix''~\ak,Xk), ioTk>j (5.8) 

and denote the volume element of any of x^Tf,^ by dx]^~^ . Then the third equality 
above follows by integration by parts over Xk- This finishes the proof. □ 

Next we introduce the following function space which will be essential for the 
later discussions : 

Definition 5.1. We define 

to be the set of continuous triangular maps / £ C°^j(Q",]R") whose components 
are given by the functions fj : Q""-' M such that 

D"f : g"-^' R, Q"-^ = {{xj+i, ■■■ ,xn)\0< XI <lj^j + !,■■■ ,n} 

are continuous for any subset a C {j ' + 1, • • • , n}. Here 1 stands for 1 = (1, • • ■ ,1) 
and D^f for the partial derivative with respect to the multi-index a. 

It is easy to check that Cj\,j((5", M") becomes a Banach space if we equip it with 
a norm given by 



where ||/j||pr is given by 



= . max {||/j||cr} 



\fj\y= max \D'^f,\co. (5.9) 



We recall that for any function / e Cj\,j((3"; R") the partial derivatives D"/ does 
not depend on the ordering of indices contained in the subset a C {j + 1, ■ ' ' : '^l 
(See Theorem 7.3 [Laj.) 

With this preparation, we now prove 

Proposition 5.2. d^'(O) continuously extends to a bounded linear operator from 
C['^j((5", R") to C(^^j(Q",R") which is bijective. Denote the extension again by 

d*(0) : CO„(Q",R") 
In particular, it is invertible. We denote its inverse by 

{d^m-' : CL(Q",M«) ^ C°„(g",R"). (5.10) 
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Proof. From the matrix expression (|5.3p of d'^{0) = ((i^'(O)jfc), we see that it be- 
comes a triangular matrix and is represented by the integral pairing with the func- 



tions Cjk and manifestly extends to an operator from C"((3"~'^, R) to C^((5"^^, R). 

And once we have proved the bijectivity of the bounded linear operator d^'(O), 
the open mapping theorem will imply that the operator is invcrtible. Therefore it 
remains to prove bijectivity. 

We start with the proof of injectivity. Suppose that d'^{0){X) = for X = 
(Xi, ■ • • ,X„) e CO,i(Q",R"). By dO]) and X satisfies 

n „ 

/ Xk{ak,Xk)Cjk{aj,- ■ ■ ,ak,Xk)dxk = (5.11) 

for all j = 1, • • • , n. We will prove X = by a downward induction over j. First 
consider the term for j = n. In this case, this reduces to 

— Xn{an)Cnn{o.n) ■ 

Since C„„(a„) — Jq^-i (n{x^^~^)g{x"'~'^ ,an)dx^^~^ > 0, we derive X„ = 0. 
Now suppose we have shown 

Xn = Xn-1 = ■ • • = Xi^i = 

and consider the equation ((i^(0)(X)); = 0. Under this assumption, (|5.1ip for j — I 
reduces to 

Xi{ai,xi)Cu{ai,xi)dxi = 

for all a e Q". Differentiating this identity with respect to aj successively for 
j = I + 1, ■ ■ ■ , n at the vector a = (oi, • • ■ , a„), we obtain 

= Xi{ai,ai)Cn{ai,ai) = Xi{a)Cn{ai,ai). 

Since Cii{ai,ai) > 0, we obtain = as before. This proves injectivity of d^'(O). 

Now we turn to surjectivity thereof. Let Y — (Yi, • • • ,y„) G Cl^^iQ" ,R") and 
consider the equation 

d^(0){X) = y or equivalently (d*(0)(X))j = Y,, j = 1, • • ■ , n 

for X G C"^j(Q",R"). Again we solve this by downward induction starting from 
j — n. For j ^ n, this reduces to 

Xn{an)Cnn(,a,n') = Yn(,0'n) 

and so obtain Xn{an) = Yn{an) / Cnn{an) ■ Now suppose that we have solved for 
j — n, ■ ■ ■ ,1 + 1, and consider the equation {d'i>{0){X))i = Yi. This equation 
becomes 

n ^ 

/ ^^Xk{ak,Xk)Cik{ai,- ■ ■ ,ak,Xk)dxu =Yi{au- ■ ■ ,an). (5.12) 

Since Yj e C^((3"^',R), we can differentiate this equation with respect to aj suc- 
cessively over j = I + \, ■ ■ ■ ,n and obtain 

dCik dYi 



Xi{ai,ai)Cii{ai,ai) + ^ Xk{ak,ak) 



j.^^^^ dai+idai+2 ■ ■ ■ dak dai+i ■ ■ ■ da„ 
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by the triangularity of X and Y. Since Cu{ai,ai) > 0, we obtain 
Xi{a) = Xi{ai,ai) 

Cu(ai,ai) ydai+i ■ ■ ■ dan k~i+i aai+idai+2 ■ ■ ■ oat J 

We note that by the induction hypothesis, the right hand side is already determined. 
Since Yi € C^(Q"~',R) and C;^ are smooth, the right hand side is continuous 
and hence lies in C°^j(Q",R"). This finishes the induction step and so solves the 
equation d^'(0)(X) = Y for any Y e cf,,,(Q",R") and so finishes the proof of 
surjectivity. Hence the proof. □ 

The following proposition is a crucial ingredient which saves us from doing de- 
rivative estimates for the nonlinear terms in section [5) 

Proposition 5.3. The operator {d^{Q))^^ given in l\5.10\) continuously extends to 
a hounded linear operator 

Xg:C°„(0",R")^C°„(Q",IR"). 

Proof. We go back to the surjectivity proof of Proposition 15.21 It will be enough 
to prove that there exists a constant Mg > such that the unique solution X for 
d*(0)(X) = Y satisfies 

\xy, < Mg\Yy> (5.13) 

for any given Y G Cj\,j(Q", R"). We prove this again by the downward induction. 
For j = n, we have X„(o„)C„„(a„) = y„(a„) and hence 

miUa^ Cnn [CLn j 

recalling C„„(a„) ^ from (15. 5p . But we have 

from (|5.5p . In particular, we have 

min C„„(a„) > ming / C„(a;"~^)(ix"^^ = mint; 
where we use (j4.22p for the equality. Therefore we have proved 

\Xn\co < -^lYnlc" (5.14) 

mm g 

for all I + 1 < j < n. Now as the induction hypothesis, suppose that there exists a 
constant M^+i such that 

\Xj\co < Me+i max |y,|co (5.15) 

£+l<j<n 

for alH + 1 < j < n. We rewrite (|5.12p into 

Xi{ai,xi)Cu{ai,xi)dxi = Yi{ai,--- ,a„) 

n ^ 

/ _^Xk{ak,Xk)Cik{ai,- ■ ■ ,ak,Xk)dxk. (5.16) 

k=l + l •'Qa-J^ 
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By the induction hypothesis the sum in the right hand side can be estimated as 

n „ 

/ ^^k{ak,Xk)Cik{ai,- ■ ■ ,ak,Xk)dxk 



< 



Mi+i max {\Yj\co}Cik{au ■ ■ ■ ,ak,Xk)dxk 



-l<j<n 



< Me+1 max {\Yj\co} Cik{ai,- ■ ■ ,ak,Xk)dxk. 

£+l<j<n 



But we derive 



/ Cikiai, ■ ■ ■ ,ak,Xk)dxk 



C,k{x^ ^)g{x^ ^,ak,Xk)dx^ ^jdxk 
Qk{x''-'^)dx^-^ I < maxg 



< max g 

again using (|4.22|) . Hence we have obtained 

n „ 

/ ^Xk{ak,Xk)Cik{ai,- ■ ■ ,ak,Xk)dxk 

k = l+l "'Qaj'' 

< (n — £ — l)Af^+i maxgi max {|l^|co}- 
Substituting this into (j5.16p . we obtain 

Xi{ai,xi)Cu{ai,xi)dxi 

< \Yi\co + {n~ £ - l)Me+i max.g max {|Yj|co} 

£+l<j<n 

< (71 — £) max{Af£, 1} maxg max {|Yj|(^o}}. 
On the other hand, the left hand side can be estimated from below 



Xi{ai,xi)Cikiai,xi)dxi 



> \Xi{ai,xi)\minCii 



> \Xi{ai,xi)\ining. 
Combining the last two inequalities, we have obtained 

max{Mf+i, 1} maxgmax£<j<„{|Y,|cQ} 



\Xi{ai,xi)\ < {n-£)- 



By defining 



Mt = {n- £) 



mm (7 

max{Af£_(_i, 1} maxg 



mm g 

we have finished the induction step and hence the proof of (|5.13p . 
In fact the above proof shows that Mg can be chosen to be 

ri-l ~1 



1 / maxg 



Mq = n\ max ■ 

I mm g \ mm g 
and hence we have \\Kg\\ < Mg. This finishes the proof. 



,1 



(5.17) 

□ 
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We recall that the constant Mg does not increase under the reduction process to 
a smaller cubes by the reasons mentioned in Remark l3.1l 

6. C°-COERCIVENESS OF DARCOROGNA-MOSER'S SOLUTIONS 

We denote the operator norm of the bounded linear operator Kg given in Propo- 
sition [5l3] by \\Kg\\ which has the bound 

\\Kg\\<Mg (6.1) 

where Mg is the constant given in (|5.17p . From the explicit formula of Mg, it follows 
that Mg depends only on g and is continuous on g in C'^-topology 

In this section, all the norms | • | below will denote the C"-norms. 

We write (|5.ip in the following form 

u = E{u) (6.2) 

where S is the map from B —t B defined by 

S(m) = -(d*(0))-i(*(0) + N{u)). (6.3) 

Here we would like to note from that l'(O) hes in C^(Q",M"). On the other 
hand, we can rewrite N{u) 

9{y)dy- / g{y)dy 



From this, it follows that N{u) also lies in Cj^^j((5", R") if u is smooth as for 
u — uoM- Therefore ^'(0) + N{u) lies in the domain of (c?\E'(0))~^ and hence the 
expression ()6.3p is well-defined for u = udm- 
We derive from 



\u\ < |(d^'(0))-i(*(0) + N{u))\ < Mg(|*(0)| + \N{u)\). (6.5) 

We now estimate |vl'(0)| and \N{u)\ separately. 
We start with the following 

Proposition 6.1. We have 

|^'(0)| < dA^(TO/,mg) (6.6) 

where ruf := fJ-(fdx) the measure associated to the volume form fdx and similarly 
for rUg. 

Proof. From (|5.2p . we have for the j-th component of the vector \E'(0)(a) 

^{0)j{a) = G,(a,0) - F,{a) = f g{y)dy - / f{x)dx. (6.7) 



On the other hand Ra-j — Qa-j for u = 0. Therefore from the definition (|2.ip of 
the metric dM = Lidi, we have derived the upper-bound for the 'zero-order term' 

|*(0)| < dAi(TO/,mg) (6.8) 
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where we use the fact that the integral (|6.7p corresponds to 

which is obtained by taking the characteristic function XQ" of Q'a j the test 
function in (HH) for 6 = 1. ' □ 

Proposition l6.1l is a place where the weak topology of measures enters in our proof 
of C'^-coerciveness (jl.2p in Theorem II. The other such places appearing later will 
be similar to this one. 

Next we do estimates of N{u). For this purpose, we introduce the constant 

ei(C) = max ( f |1 - Ck{y''-')\dy'-A . (6.9) 

See the end of section [9] for our motivation for considering this constant where 
it appears in middle of the main technical estimates. We like to emphasize that 
this constant can be made as small as we want by approximating C -close to the 
function 1, once g, f are given. In particular, we may assume 

£i(C) < dM{mf,mg). (6.10) 

Next using the continuity of g and compactness of Q", we have the Lipschiz 
bound 

\g{x)-g{y)\<Lg-\x-y\ (6.11) 

for a constant Lg > depending only on g. In fact, Lg is nothing but the modulus 
of continuity of g. 

The following is a key lemma whose proof we postpone until section [9] because 
the proof is rather long and complicated. The main reason behind the presence of 
this kind of estimates is that N{u) is the higher order term in the Taylor expansion 
of However, since we need to know the precise form of the inequality with 
respect to g, we need to carry out rather delicate estimates. 

Lemma 6.2. Define 

C4 = 6*4(5) = niax{8max(7,4} 
and let u = udm be a DM-solution. Then we have the inequality 

\Niu)\ < C4 • (IC • u\ + £i(C) +Lg\C- u\) \u\, (6.12) 
where we denote ■ u := (ui, ^2^2, • ■ • , QnUn) 

Combining Proposition (|6.8p . (|6.12p . and (|6.5p . we obtain 

\u\ < Mg{dMimf,mg) +Ci-i\C-u\+ £i(C) + Lg\C ■ u\) \u\). (6.13) 
We can choose the functions ( — {Ck}k=2,- - ,n so that 

£i(C) < dM{mf,mg) 
as mentioned in (|6.10p . Substituting this into and rewriting (j6.13p . we obtain 

(^1 - C4 • (IC • ""I + dM{rnf,mg) + Lg • |C • u\)^\u\ < Mg ■ dM{mf,mg). (6.14) 
At this stage, we recall that a DM-solution has the form 

V = {V1,V2, ■■ ■ ,Vn) 
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with Vj(x) = Xj + Cj{v^ ^{x))uj{xj,Xj) and maps Q" into Q". In particular, we 
have 

\Quj \ = max \Q{x)uj{x)\ < 2. 
xeQ" 

We would also like to emphasize that the constants Ci{g) and Lg depend only on 
g but not on /, except in the loose way mentioned in (I4.23p . Therefore Dacorogna- 
Moser's construction of solution can be equally carried out for the maps defined on 
the cube Q'^{K) with any length < if < 1 of its sides with the same constants 
C4 and Lg. In that case, all DM-solutions on Q^{K) will satisfy 

|C-u| < 2K 

because u maps Q^{K) to Q"{K) in that case. 

Therefore if we set K = 2-^° and fix iVo = No{g) £ N such that 

C4 •(! + £<,)• 2-(^°-i) < i (6.15) 
and consider a DM-solution on the cube Q'^{K), we will have 

C4.(2-(^o-i)+rf^(^^^^^) + i^.2-(A^o-i)) < 1 (6.16) 

for any / such that 

CAdM{mf,mg) < -. 

We recall from Remark 13.11 that this inequality will be achieved by considering 
Ha, Ht with d-MifJ-iT, A^t) —> on the original space X given in Theorem II. 
Then ([041) and (16716]) imply 

\u\ <2Mg-dMimf,mg). 

Here we recall from (I3.7P that Mg depends only on the originally given function g 
defined on the unit cube Q". 

Now by decomposing Q" into cubes of size 2"^", and applying this inequality 
uniformly over to each of the cubes, we obtain the following proposition. Here A^o is 
the integer chosen as in (|6.15ll . which depends only on the originally given function 
g defined on Q". 

Proposition 6.3. Let g be a positive continuous function and denote by uig = 
f^igdx) the associated measure on Q". Consider the Darcorogna-Moser's solution 
u — udm corresponding to f satisfying the hypotheses in Theorem 3.2. Then there 
exists a continuous function r = r{t:g) oft, depending only on g, such that r 
as t — > for which the following holds : 

\u\co < r{dM{mf,mg);g). (6.17) 
To wrap-up the proof of statement (1) of Theorem 13. 2i we need to estimate 

dc«{lp2 1 *'^) fO'' V'2 = 

For the estimate of dco{'ip2 y^d,), we derive dco{tp2 i^d) = dco{id,tp2)- For we 
have 

dc«{tp2^ ,id) = max d('!/'2""'"(a;), x) = max (i(-!/'2"^(a:), ?/'2(V'2""'"(2;)) < dc(,{id,'ip2) 
xeQ" xeQ" 

and prove the opposite inequality in the same way. Therefore we obtain 
d{ip2,id) < dco{i>2,id) + dc"[ip2^ ,id) < 2r{dM{mf ,mg); g). 
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This finishes the proof of (1) of Theorem 13.21 and hence the proof of Theorem 13. 21 

7. Proof of Theorem II 

With Proposition 13.11 and Theorem 13.21 in our hand, we now give the proof 
of Theorem II. We wih imitate Moser's argument [Moj but with some additional 
arguments needed to estabhsh the C°-coerciveness. 

Let T = Q he a volume form on X, f > be a positive function on X and 
a = ffl. We choose an open covering U = {Uj} of X and denote by to = mu the 
cardinality of U. 

Consider the functions f{t; ■) defined by 

m 

f{t;p) = l + ^tjgj{p), {to,-- - ,trn)- 

j=o 

For t = (0, • • • ,0), one has f{t;p) = and for t — (1, • • • ,1), we have f{t; •) — f. 
By construction, we also have / /(i; — J ^ for all t. We can connect two corners 
(0, • • • ,0) and (1, • ■ • ,1) of the cube by going along to + 1 edges. If t' , t" represent 
the endpoints of such an edge, one sees that 

/(*"; •) - /(*'; •) 

has support in one patch, say Us^ti t"}- Without loss of any generality, we may 
parameterize 

U{t',t"} = {-vA + vT 

for some 77 > and 

supp(/(i"; •) - /(i'; •)) C Q"(l - 77) 
under the parametrization. If we write 

one sees that Vtt" = h^t' where h = f {t" ; -) / f {t' ; -) is different from 1 in U[t',t"} 
only and /i = 1 on Q"(l + 7?) \ Q"(l - 77). 

Once we have made the choice of such a covering Uj, we consider the family 

(i,s)e[o,i]"+ix[o,i]^/(t,s) 

where /(t, s) is the function on X defined by 

f{t,s;p) = l + sJ2t39j{p)- (7.1) 

j=o 

We partition s G [0, 1] into a partition 

P : sq — < si < - - - < sn. 
By choosing P with mesh(P) sufficiently small, we can make 

c^A1("^/(t^s.)'"^/(t",s.)) (7-2) 

as small as we want uniformly over (t', t"). Therefore we will assume that dj^ i^J■n^ fJ-fn) 
is so small that we can apply Proposition 16.31 

We order the set Uj so that Uj = U{tj,tj+i} where U^tj.tj+i} is the patch corre- 
sponding to {t',t") = {tj,tj+i). Now applying Theorem 13.21 to each patch Uj, we 
have constructed a sequence of diffeomorphisms : X X such that 
(1) o (j)J^ has support in g"(l - 77) C Uj ^ 0"(1 + v) 
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(2) i^tj^i — 'f''j^tj or equivalently ((/>i)*/ij+i — /ij where /ij = /isit.- Here we 
denote by tj the j-th vertex in the above chosen edge path from (0, • • ■ ,0) 
to (I,-- - ,1). 

Then the difFeomorphism ■02 — <t>m X ^ X satisfies -02^^ = fO.. 

It remains to estimate d{tp2,id). Since dc'o('(/'^^,zd) = dco{id,ip2), it is enough 
to estimate d(jo {ip2 1 id) . Denote the above coordinate patch map 

Then the above diS'eomorphism 0j+i o is given by the conjugation 

where Lpj : + 77) Q^{1 + ri) is the diS^eomorphism constructed in section [6] 

corresponding to the forms 

ifj+i ° ipj+i)dx, {fj o tp-^) dx. 

Because we will use the C"-norm in different spaces, we will specify the space 
where the C°-norm is taken below when we need to specify the space. We have 
from Proposition [631 

d{C'>,Q")iVj,id) < C5{dM{mj+i,mj); fj o ip"^) (7.3) 

where nij is the measure associated to the form (/, o ipj^) dx. We recall that the 
finite family of functions fj o ijjj^ are determined by the original function /, the 
covering U and the coordinate charts . Since we do not change but fix them in 
the course of proof, we may ignore this dependence of C5 on fj o tpj^- 
We note that 

d(co,x){(l}j+i ° (t>j,id) = dco{i}~^ o o tpj,id) 
as d(co,Q'.(i+,,))(</?j,«rf) and 

m— 1 

d{c'>,x){i^2,id) < ^ d(co.x){<l>]+i, <!>])■ (7.4) 

3=0 

On the other hand, we have 

d{co,x){(t>]+ii(t'j) = d(^c^x){i(t)j+i ° <PJ^) ° (t>j,(l)]) 

= d{c».X){<P]+i ° (l)J^),id) 

= d{c°,x){i^J^ o'Pj ^i^ji-id)- (7.5) 

Since the integer m = mu < 00 depends only on U but not on / or j's, it follows 
that as dj^ifJ-fn, fJ'Ci) 0, d{il)2,id) — > 0. This finishes the proof of Theorem II 
except its parameterized version. 

For the parameterized version, we recall that r = is fixed and that cJs ~ fs^ 
for a given a smooth family of functions fs for s G [0, 1], for which s i~> /i(/gn) is 
continuous in M{X). Note that the above mentioned covering U = {Uj} in section 
|3]does not depend on the functions fs and so can be fixed for all s € [0, 1]. This 
and the compactness of [0, 1] enable us to reduce the problem to the parameterized 
version of Theorem 13.21 on the cube for a fixed g but varying fs in a way that 
■3 t—^ fJ'(f^dx) = ™/s is continuous in A4{Q"'). Since all the constants appearing in 
section ini depend continuously on d^imf. Trig), we can uniformly apply Dacorogna- 
Moser's construction to produce an isotopy s t-^ -02, s of diffeomorphisms that is 
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continuous in compact open topology of Diff{X) and satisfies — fs^ 

which is equivalent to 51 = V2 sifs^)- 

One particular remark on the choice of the constant Eq — eo{g,C) in our con- 
struction on the cube Q" is in order for the parameterized case. For the given 
isotopy J- ~ {/s}o<s<i on Af , we can reduce the problem to the cube so that 

supp(/, - <?) C -77) 

for all s e [0, 1]. (See section [3l) Then we choose e-^ = £o(-^7 C) by 

= niin eo(/s,C) 
se|o,ij 

which can be made close to uniformly over s by choosing the family C = {Cs}s=2 
of cut-off functions ^ as in (|4.22p suitably. 

To improve the regularity of the parameterized solutions, we use the a priori 
estimate provided in Proposition 14. II This finishes the proof of Theorem II 

8. Proof of Theorem I' 

In this section, we finish the proof of Theorem I' following the scheme outlined 
in the introduction. 

Let h G M[S, n] and e > be given. By the smoothing theorem (see Theorem 
6.3 |Mu2| for example), we can choose a diffeomorphism such that 

rf>,V'i)<|- (8.1) 

This diffeomorphism is not necessarily area preserving. We therefore modify V'l into 
an area preserving diffeomorphism by composing it with another diffeomorphism 
■02 : S — > S that is C°-close to the identity. 

It follows from Proposition 12. II that (18. ip also implies that the measures associ- 
ated to /in — h^{^Q) and = M((i/Ji)-r2) can be made arbitrarily close in 
the weak topology of measures. 

We note that Jj,('0i)*il = J^^- Therefore applying Theorem II to the forms 

a ^n, T = (tiJi^yn, with a = i 

we obtain a diffeomorphism "02 such that 
and 

d{ip2,id) as dA4(M((Vi)*f2)'Mn) ^ 0. (8.2) 

We set = ■02 o 01 • Then is an /^n-area preserving diffeomorphism and we 
have 

d(0, h) < di^2 o 0>i) + J(V^i, /i) (8.3) 
by the triangle inequality. But since X is compact and 0i is a diffeomorphism, we 
can make d{'ip2 o V'li V'l) as small as we want by having d{tp2i id) sufficiently small. 
However (j8.2p implies that d(02 , id) can be made as small as we want if we can 
let c?A^(A'(V'*f2)' Mfi) ~ d.M{{i^i )*Mf2,Aisi) arbitrarily small. And the latter can be 
achieved by Proposition 12.11 if we choose the initial diffeomorphism ■0i sufficiently 
close to h. Combining these with (|8.3p . we can make 

J(0,/i) < J(02o Vi,i/^i)-Hd(V'i,/i) ^ I + I = s 
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if we choose the initial smooth approximation tpi sufhciently C° close to h. This 
finishes the proof of Theorem I' (1). 

Finally when we are given an isotopy {/it}o<t<i of homeomorphisms /it : E — > S, 
we apply the isotopy version of smoothing theorem (see Theorem 6.3 (Mll2] ) to 
obtain an isotopy of diffeomorphisms {'0i,t}o<t<i so that (i(V'i,tj^t) can be made 
as small as we want uniformly over <t < 1. 

Then the isotopy of forms 

i e [0,1] ^ {A,trn 

is continuous in the sense mentioned in Theorem II. Therefore we can apply the 
parameterized version of Theorem II to produce another isotopy {'!/'2,t}o<t<i so 
that 

(1) ^Iti^h^) = for aU < t < 1. 

(2) The isotopy 1 1-^ ip2,t is continuous in compact open topology. 

(3) d{'ilj2,t,id) is as small as we want uniformly over t G [0, 1]. 

Now the composed isotopy defined by 4't = ip2.t ° i^i,t will do our purpose. This 
finishes the proof of Theorem I'. 

Remark 8.1. Here we would like to point out that we should apply our construc- 
tion to the fixed form 17, not to the varying form -f/jjjTJ. In this way, the dependence 
on g appearing in all the constants in section [S] become irrelevant in our construc- 
tion because this function g will be fixed throughout the construction. This is the 
reason why we consider the pair of forms 

instead of the more naturally looking choice of 



9. Estimates of the higher order terms 



In this section, we prove Lemma 16.21 We would like to note that the nonlinear 
terms depends only on g. Dependence on / occurs only through the constants eo(C) 
and £i{C) which involves the choice of cut-off functions (. However these constants 
can be made as small as we want, e.g., smaller than dMi'm-f ji^g) as in (|4.23p and 
(|6.9p by choosing C appropriately, once / is given. 

We start with the statement (1) of Lemma 5.2. We recall from 



Nj{u) = / g{v)dy~ / g{v)dy 

Ufe(afe,Xfc)( / C,j{x^-^)g{xl-k )dx^-^'^dxk. 
Now to estimate (|6.4|) . we rewrite v{Q2-j) as 

by the factorization of v = ipn ° ^Pn-i o ■ ■ ■ o ipi. Here we also use the identity 
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which follows from the definitions of ipk and <5";j- Motivated by this, for each 
j — 1 < / < n + 1, we define 

KuMo='fnO---o^l{Ql.). 

We note that R^^^^.^ = R^^.j and set K«,„+i;j = Q2;j- 

Prom now on, we will switch the variable y with x and use x instead of y for the 
rest of the proof. 

With these definitions, we can telescope and rewrite 



/ g{x)dx - / g{x)dx = ( / g{x)dx - / g{x 



)dx . 



On the other hand, we can easily check 



/ Uk{ak,Xk)( Cj{x'' ^)g{xl^'^)dx'' ^)dxk = 

[ Ck{x''-')9{x:r,')dx- [ Ck{x''-')g{x:r,')dx 



(9.1) 



where Q^.j ^ is defined by 

Q:.,.fc = {xGg" I 0<a;, <lfor* = l,-.. 

< Xk < ttk + Uk{ak,Xk) 

O < Xi < ai iov i > j k,i ^ k}. 

Here we would like to note that the sign of Uk could be either positive or negative. 
Then we have 



^A'^) = g{x)dx- j g{x)dx 



■E(/ 

- [ (M^'^'-')9Kr^^i)dx) 



E I / g{x)dx - / g{x)dx 



- / C,+i{xi+'-')g{x-^;^^,)dx). 



'Qa:3\Qa,3,3 + l 

For the simplicity of notations, we will just denote 

Q+i=CMx^+^-') 
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for the rest of the paper. We now estimate 



g{x)dx — I g{x)dx 

au.j + l-,j\^au.j + l + l;j ^2u,i + l + l;j\^'lu,j + l;j / 



for each Z = 0,l,---,n — j. We further rewrite it as 



g{x)dx — / g{x)dx 



Q+i-9K-ii)dx (9.2) 



C3+I ■ g{Xa.j+l)dx 

ari,j + l:j \ au,j + l + l;j 

■2ti,j + l + l:j\^-at,.j + l;j 

Q+i ■ 9K-li)dx - / Q+i ■ 9Kr^+i)dx] (9.3) 

We estimate (|9.2I) and (|9.3p separately. We start with 
The terms in (19.21) can be combined into 



g{x)dx — I g{x)dx 



Cj+i ■ 9{Xa,j+i)dx 
- / Cj+i ■ 9iXa;jli)dx 



-R".,,j + l + l;j\-Rau,j + i;j 



(5(x)-0+;-.9(<7i,)) dx (9.4) 



Then we obtain the inequahty 



HKu,j+l;j \ Ku^j+l + l-j) < [Y['^^ \ ■ \Cj+l + lUj+l + l\ ■ ( Yl I"* + Ci'^iCa)! ) < 

J \i=]+2+l 

and the same for m(i?JJ„^^.+;+i.^- \ Ku.j+i.j)- 
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We have the bound for the first term of (|9.4p 

/ (g(a;)-G+;-5«7i^) 
^9{x) -gixa^jli)) dx 



f 



dx 



To get a bound for (|9.5[) . we now define 



\i ~ Q+i\9Kr^^i)dx. 



(9.5) 
(9.6) 



Ku-ifc(a) = ,Xk,Xk+l,--- ,Xn) I {Xl,--- ,ak,Xk+l,--- ,Xn) e Ku:j} 

(9.7) 

for each j < k < n. Fubini's theorem then implies that the term (|9.5p can be 
bounded by 



\9ix) - 9{x:-l)\dx 



^au.j + l:j\^au,j + l + l;j 

+ 



, , , \g{x) - g{x:-l)\dx 

where we define the constants 

Mf:{a;C-u) ^ mm{ak,ak + CkUk(a)}, M+(a;C-u) ^ max{ak,ak + CkUk{a)}- 
Noting that 

- Mr^i^^{a;u) = |Cj+;+iUj+;+i(a)|, 

we have 



for all 



\x - xl.jlil < \Cj+i+iUj+i+iia)\ <\C-u\ 



X e Rau,j+l-j \ Rau,j+l+l-j and TTj+i + iix) = T^j+l + lix'^.jli + i) (9.8) 



where tTj+j+i : R" — > R" ^ is the coordinate projection along the {j + l + l)-th axis. 
Using this preparation, we have the bound for ()9.5p given by 



\C-u\-max\g{x)-g{xl^li)\ : 

Here the maximum is taken over all x, satisfying 
of g and compactness of Q, we have 

15(2^) -9{y)\ < Lg\x-y\ 

for some Lg > depending only on g. We also note 

hi + CiUi{a)\ < 1. 

Therefore (|9.5p is bounded by 

Kj+iUj+i\Lg\C ■ u\ < 2Lg\C • u||C • u\. 



Using the continuity 
(9.9) 



(9.10) 
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On the other hand, Fubmi's theorem impUes that the term (j9.6p can be bounded 

by 



Jl-fjVi + i(a;ti) 

■l-Cj+i\9K7^li)dx. (9.11) 



Now we define £i(C) to be 



ei(C) = max ( / |1 



as m ()6.9p . With this definition and by Fubini's theorem, we estimate (|9.1ip by 



|1 -0+i+i|.9«y+i+i)c?a; 

< maxg / / / \1 - Cj+i+iix^+')\dx 

< maxg|C-u|/ \1 - Cj+i+i\dx 

< ei(C)|C-u|max5. (9.12) 
Here we denote 

Since g is fixed, we can make £i(C) as small as we want by choosing the cut-off 
function C as close to 1 as possible in the sense. 

Applying the above discussion of (|9.5p and (|9.6p . we derive 

(gix) -Cj+i+i -sK'^ii+i)) dx < {ei{0maxg+2Lg\(-u\)\(-u\ 

from (|9.2p and (|9.12p . Here we use the assumption that \C ■ u\ < 2 and the fact 
fli < 1. Similar estimate gives the bound 

[gix) -Q+i+i •sK'jif+i)) dx < (ei(C)maxg+2Lg|C-u|)|C-«l 

(9.13) 

and hence (|9.2p is bounded by 

2(£i(C)maxg + 2LgIC-w|)IC-w|. (9.14) 
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Next, we turn to (19.31). The four terms in (19.311 can be combined into 



-Ra„,i + i;j\-Ra„,i + i + l;j -Rau ,3 + i + 1 ; j \ .3 + 1 ; j 



0+i • gix2.j+i)dx - / C3+1 ■ gixlj^i)dx 

0+i • 9{xl-li)dx - / Cj+i ■ g{xl-li)dx 



Here we can write 



Q+i ■ g{xl,jli)dx - I Q+i ■ g{xl,jli)dx 

R'^ ... .\B.'^ . ' JQ" . . , ,\Q" . 



C3+1 ■ 9ix2.j+i)dx - / Cj+i ■ gix2.j+i)dx 

7j+i+ife+i(Q^;,)\Q^;,)) ■^Qa-,,.,+i\QZ, 

C3+1 ■gixa^jli)dx 

Cj+i ■ gix2~jli)dx 

iQa,,,j + ,\Qaj)\hj + l + l(.Vj + liQa-,j)\Qa-J) 

where jj+i+i : Q" Q" is the diffeomorphism 

7j+i+l = (y^n ° • • • ° 

Now we prove the following lemma 

Lemma 9.1. Let x G {l^+i+ii^MQlj.j+i) \ QI3)) \ iQlj.j+i \ Qlj)- For each 
0<l<n — j,x must satisfy 

< < 1 for l<i <j - I 

< Xi < a.i for j<i<j + l — 1 

M^{a-X-u) < Xk<M^{a-X-u) for some j + I + I < k < n 

Gj+i + Uj+i{aj+i,Xj+i) < Xj+i < Gj+i + Cj+iUj+i{aj+i,Xj+i). 

For I = n — j , we have 
and 

< X, <l for 1 <i<n-l 

a„ + M„(a„) < Xn < a„ + C„(a;-'"^'~^)w,i(a„). 

Proof. First consider the case < I < n — j . Note that 

7j+i+l(xi, • • • ,Xn) = {Xl,--- ,Xj+i,Xj+i+i + Q+l + l{x^~^'')Uj+i+i{Xj+l+i,X^~^''~^'^), 

■■ ■Xn+ Cn(<y5n-1 O ■■■ O (pj+i{x))Un{Xn)). 
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Let 

Then we first have 

(Here if Uj+l{aj^l,Xj-^-l) < 0, this inequality is vacuous, i.e., no such x exists.) 
And for some k > j + I + 1, we have Xk > and can write 

xk = yk + CkUk{yk,yk) 

for some y satisfying 

yk < ak- 
in, particular, we obtain 

ak < Xk < ak + CkUkiak,Xk) 
and hence we have obtained 

(M^ia; C • u) <)ak < Xk < M+(a; ( • u). 

The proof of other inequalities are easy and so omitted. 

For the case I = n — j, we just note 

7„+i = id 

and then the rest follows. □ 
Noting 0<a,< 1, \Cj+i \ < 1 + e < 2 and 

M+{a; C-u)- M^{a; ( ■ u) ^ \CkUkia)\ 

we obtain 

{{^auj+l-j \ R'auJ+l+l-j) \ {Qa;j,j+l \ Qa-j)) 
\j<i<j+l J 

< {2 + e)\C-u\\u\ (9.15) 
for j < I < n ~ j . Therefore for j < I < n — j , we have proved 

m {{Rau,,+U, \ Ku,j+l+l;j) \ \ ^a;,)) < 3|C ' ^^1^1- (9.16) 

Similarly we prove 

m ((QLW; \ Qa;j) \ (Ku,j+l;j \ Ku^j+l+l;j)) < 3|C ' ^^ll"!- (9-17) 

Then we have proved that the absolute value of (|9.3p is less than or equal to 

6(max5)|C-u||u| (9.18) 

for j < I < n — j. (Here we need to treat the case of j = 1 slightly differently 
but again the same inequality can be shown to hold whose details we leave for the 
readers.) 
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On the other hand, when I = n — j, (j9.3p can be estimated as 



(V.(Q";,)\Q";,)\(Q";,,„\Qa;,) 



'iQ'l:j.^\Qa:i)\(vAQl.,,)\Ql.,,) 

< 2 / / Cn{x"-')g{x':-')dx^dx^-' 

< 4|C„«„(a„)| / |l-C(x"-i)|g(x«-i)(ia;"-i 

< 4£i(C)max5|C • u|. (9.19) 
Therefore combining (|9.18p and (|9.19[) . we have proved that (|9.3p is bounded by 

6(maxg)|C • u\\u\ + 4ei(C)max5|C • u\ (9.20) 

for any 1 < j < n. 

Combining (I9.20p and (|9.14|) . we have finaUy obtained 

\N{u)\ < (8max5|C--u| +6max.gei(C) +4L4|C-u|) 
This finishes the proof of Lemma [6.21 bv setting C4 = max{8 max 5, 4}. 
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